Abstract. For each holomorphic vector bundle we construct a holomorphic bundle 2-gerbe that geometrically represents its second Beilinson-Chern class. Applied to the cotangent bundle, this may be regarded as a higher analogue of the canonical line bundle in complex geometry. Moreover, we exhibit the precise relationship between holomorphic and smooth gerbes. For example, we introduce an Atiyah class for gerbes and prove a Koszul-Malgrange type theorem.
Introduction
A fundamental object associated to complex manifolds X is its canonical line bundle Λ top (T * X). The present paper deals with an extension of this concept. Recall that the canonical bundle may be viewed as a representative of the first Chern class. In Theorem 3 we construct a geometric representative of the second Beȋlinson-Chern class, a refinement introduced in [1] that takes the holomorphic structure into account. This is a 2-gerbe and may be computed from the eigenvalues and eigenspaces of chart transition functions, just like the canonical bundle depends only on the product of these eigenvalues.
We are motivated by the relationship between 2-gerbes and line bundles on the space of curves, via transgression [9, 7, 8, 32] . According to the paradigm of string geometry, structure on the infinite-dimensional loop space may be studied through higher-categorical, finite-dimensional structure on the original space. This is the viewpoint of the present paper. The 2-gerbe will be constructed within the framework of bundle gerbes, introduced in [26] and further studied in [24, 27, 29] . It is obtained by pulling back a 'tautological' multiplicative 1-gerbe on GL(n, C). Having applications to complex geometry in mind, we shall be particularly concerned with the holomorphic structure on our gerbe. Even though the definition of our gerbe on GL(n, C) is similar to that of U(n) in [25] , this forces us to apply different arguments based on zero-counting integrals.
To set this work apart from related results, we now briefly review the existing literature. In [4, 3, 8] tautological gerbes are defined as Dixmier-Douady sheaves of groupoids, but the constructions involve infinite-dimensional spaces. This makes them less useful from the point of view of string geometry. We shall construct instead a very explicit and finite-dimensional model. Moreover, we have smooth gerbes over compact, simple, simply-connected Lie groups [23] , certain quotients therefore [16] , for SU(n) [15] . Of course, GL(n, C) is of none of these types. For
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compact semi-simple Lie groups G, a smooth multiplicative structure on the tautological gerbe on G was constructed by cohomological arguments in [9] and [31] .
We now state our main results and give an overview of the present paper. We begin in Section 2 by developing further the theory of holomorphic bundle gerbes started in [22, Section 7] . In 2.2 we study the relationship to smooth gerbes and present an analogue of the Koszul-Malgrange Theorem [20] . For holomorphic line bundles, the Atiyah class is the obstruction against holomorphic connections. In 2.4 we demonstrate how this idea extends to gerbes. The rest of the section reviews well-known terminology for smooth gerbes [26, 24, 27, 30] in our holomorphic context.
Our first theorem gives a very explicit and finite-dimensional construction of a holomorphic gerbe G can . It extends the work [25] for the smooth Lie group U(n). However, as GL(n, C) is non-compact and in the holomorphic category we require different arguments based on zero-counting integrals. In Theorem 29 we prove:
The complex Lie group GL(n, C) is a Stein group. The techniques in Section 4 for Stein manifolds allow us to show in Section 5 that the existence of a holomorphic multiplicative structure is a purely topological problem: Theorem 2. Let G be a Stein group and let G be a holomorphic gerbe on G with holomorphic connection. Then G admits a holomorphic multiplicative structure with connection precisely when the topological Dixmier-Douady class DD(G) ∈ H 3 (G; Z) is in the image of the transgression map
This shows that for Stein groups, the problem may be reduced to Waldorf's theory [31] . In particular, every holomorphic gerbe with connection on GL(n, C) admits a multiplicative structure (Corollary 38). Following the proof, we also give a more explicit description. It is special to our treatment that we use Stein spaces to study the Beȋlinson-Chern classes, instead of Deligne's theory of mixed Hodge structures [12] used in [1, 14] . Sections 6.1 and 6.2 introduce a notion of 2-gerbe which is slightly weaker than in [29] . We also review the definition of the Dixmier-Douady class of a 2-gerbe. In the holomorphic context, there is a subtle point with the choice of coverings we feel is not adequately considered in the existing literature.
For each holomorphic vector bundles E → X we present in Section 6.3 a construction for a 2-gerbe G(E). We show: Theorem 3. The associated 2-gerbe has the following properties:
Applied to E = T * X we obtain the canonical 2-gerbe of a complex manifold X. In the last Section 7, we illustrate an application that relies on the newly established holomorphic structure on the canonical 2-gerbe.
Notation. For iterated fiber products we use the notation Y
[i] = Y × X · · · × X Y and similarly for maps over X. By pr ijk··· we mean the projections onto the indicated factors. The sheaf of holomorphic k-forms is Ω k and O * is the sheaf of nowhere vanishing holomorphic functions. Unless stated otherwise, all bundles and bundle maps below are assumed to be holomorphic.
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Holomorphic Bundle Gerbes and Connections
In this section we review well-established concepts for smooth gerbes in the holomorphic context, see [22] . Also some new results are developed, such a KoszulMalgrange Theorem for gerbes in 2.2 or a generalization of the Atiyah class in 2.4. Brylinski's holomorphic gerbes [8] , sheaves of groupoids with band O * , are equivalent to the holomorphic bundle gerbes considered here.
Holomorphic Gerbes. Smooth gerbes represent classes in H
2 (X, C * ) ∼ = H 3 (X; Z) geometrically. In the simplest approach, one uses Čech cocycles for an open cover of X, leading to Hitchin-Chatterjee gerbes [11] . Below, we shall define holomorphic gerbes on complex manifolds X. These objects are designed to represent cohomology classes in H 2 (X, O * X ). We will adopt the 'bundle gerbe' approach from [26] which uses descent theory to avoid artificial choices of an open cover.
, and bundle 
In contrast to the smooth category, holomorphic connections are rare (see for example Corollary 12 below). The precise obstructions to their existence will be explained in Section 2.4 with the help of Deligne cohomology. There is also the weaker notion of compatible connection on G. It consists of a connection on L only compatible with the holomorphic structure (see [19] ). The curving is then a form of type (2, 0) + (1, 1).
2.2.
Relationship to Smooth Gerbes. Holomorphic gerbes with holomorphic connections may equivalently be described by connective data with certain properties. Recall the obvious variant of Definition 4 in the category of smooth manifolds [27] .
Theorem 6. Let G = (π : Y → X, L, m) be a smooth gerbe whose projection π is a holomorphic submersion. Suppose it is equipped with a connection and curving f of type (2, 0) whose 3-curvature ρ is of type (3, 0) . Then there exists a canonical structure of holomorphic gerbe on G with holomorphic connection.
Proof.
of the smooth connection determines a CauchyRiemann operator on L. By equation (1) and our assumption on ρ, the curvature of the connection is of type (2, 0) which shows in particular that
0 is flat. Therefore the Theorem of Koszul-Malgrange [20] shows that this CauchyRiemann operator defines a holomorphic structure on L. The multiplication m preserves the (0, 1)-part of the connection and is thus holomorphic. As the 3-curvature ρ of type (3, 0) satisfies π * ρ = df , we have∂f = 0, so the curving f is holomorphic as well.
Note that, conversely, a holomorphic gerbe with holomorphic connection satisfies the hypotheses of the theorem. A similar statement applies to holomorphic gerbes with connection, but without curving -the hypothesis is then that R(∇ L ) is of type (2, 0). Moreover, we note that the weaker notion of compatible connection with curving on G corresponds to a smooth connection whose curving has type (2, 0) + (1, 1). 
are the hypercohomology groups of this complex. For X paracompact they are isomorphic to the Čech hypercohomology groupsȞ q (X, Z(p) D ) (Godement's Theorem), which are convenient to construct actual classes.
Of course
. The higher Deligne groups relate to connective structure. Thus
is the group of holomorphic line bundles on X with holomorphic connection, see [13] . We now extend this classification to gerbes.
be a holomorphic gerbe. Then we find arbitrarily fine open covers {U α } of X which admit holomorphic sections s α : U α → Y of π and holomorphic trivializations σ αβ of (s α , s β ) * L.
We now come to the Dixmier-Douady class, which naturally lies in H 3 (X; Z(p) D ), p signifying the amount of connective structure on the gerbe.
Associativity of m implies that (g αβγ ) is closed. Different trivializations give cohomologous cocycles. Taking the limit over a cofinal sequence of covers, we define
If G is equipped with a holomorphic connection ∇, this class may be refined to
For this we write the connection on (s α , s β )
If, in addition, we suppose G to be equipped with a curving, then
The exponential map to H 3 (X; Z) maps this class to the topological DixmierDouady class DD top (G), defined for example in [26, 27] .
2.4. Obstructions to Holomorphic Connections. As mentioned, holomorphic connections and curvings cannot always be found. This is measured by the following generalization of the Atiyah class for holomorphic line bundles. The short exact sequence of sheaves
induces the following exact sequences
Corollary 10. Let G be a holomorphic gerbe. Then G admits a holomorphic connection if and only if B(DD(G)) = 0. Assume G is equipped with a holomorphic connection ∇. Then we may find a curving if and only if C(DD(G, ∇)) = 0.
Proposition 11. The images of the classes B(G) and DD(G) in
Proof. From the definition of the coboundary map, one sees that B maps the Čech
is the image of the Dixmier-Douady class δ(g αβγ ).
Corollary 12. For a compact Kähler manifold X the topological Dixmier-Douady class DD(G) ∈ H 3 (X; Z) of a gerbe with holomorphic connection must be torsion.
This illustrates how restrictive the existence of a holomorphic connection is. For example when H 3 (X; Z) is torsion-free, they exist only on gerbes that are topologically trivial.
Morphisms of Gerbes.
There is a naive notion (which we do not discuss) of isomorphism with which two gerbes may have the same Dixmier-Douady class without being isomorphic. When wishing to emphasize this, we also call the morphisms below stable isomorphisms, in accordance with usual terminology.
Hence φ gives maps
, where
we require commutative diagrams:
of gerbes with connections is a holomorphic connection on R making φ connection-preserving.
Any two morphisms (R, φ), (R,φ) : G → G ′ differ by a line bundle on the base X: the maps φ andφ define descent data for the line bundle R z ⊗R * z on Z. Hence it is the pullback of a bundle on X. Similarly with connections.
If the gerbes and the morphism F have connections, their classes in
Similarly, for smooth gerbes the topological Dixmier-Douady classes agree [24, Proposition 3.2] . As a consequence of the previous proposition we have [24, Proposition 3.4]:
of smooth maps, where π 1 is a submersion. Then by pullback we obtain a gerbe
2.6. Transformations. We now come to the 2-morphisms of our bicategory.
We require the commutativity of
If the morphisms F,F are equipped with connections, the transformation α is compatible with the connections if ψ preserves connections.
Two transformations are identified if they coincide on a pullback [30] . This gives a bicategory of gerbes. The tensor product
Similarly, we have a tensor product of morphisms. For more details, see [30] .
Similarly the notation x ≤ y includes that x and y may lie on the same ray.
Definition 18. Let x = r x e iϕx , y = r y e iϕy ∈ C × be non-zero complex numbers, written in polar coordinates with 0 ≤ ϕ y − ϕ x < 2π. The sector of radii 0 ≤ r < R ≤ +∞ is S r,R (x, y) = se iϕ | r < s < R, ϕ x < ϕ < ϕ y .
We write S(x, y) when r = 0, R = +∞. The ray through x ∈ C × is the subset R >0 x. For x, y ∈ C − = C \ [0, ∞) we define also the unordered sector
For a matrix A ∈ GL(n, C) let χ A = λ (X − λ) n λ be the characteristic polynomial and write spec(A) ⊂ C × for its spectrum. Recall that C n may be decomposed as an internal direct sum of the n λ -dimensional generalized eigenspaces
is an eigenray of A if the ray through x meets spec(A).
as the internal direct sum over all subspaces V λ (A) ⊂ C n with λ ∈ S.
For S, T, R ⊂ C with S ∩ T ∩ spec(A) = ∅ and (S ∪ T ) ∩ spec(A) = R ∩ spec(A)
The highest exterior power of a finite-dimensional vector space with '⊕' defines a strong monoidal functor Λ top to one-dimensional vector spaces with '⊗', where
Using that eigenvalues are bound by the norm, one shows that the set of all (A, z) ∈ GL(n, C)×S 1 with R >0 z∩spec(A) = ∅ is closed. It follows that Y is an open subset, in particular a complex manifold and also the projection (4) π : Y → GL(n, C), (A, z) → A is a holomorphic submersion. We define a family of complex vector spaces L → Y [2] by defining the fiber over (A, x, y) ∈ Y [2] = Y × GL(n,C) Y as follows:
The multiplication m of the gerbe is the restriction to Y [3] of the following operation:
Lemma 22. The gerbe multiplication is associative.
Proof. Straight-forward verification:
Lemma 23. We have canonical isomorphisms:
, provided x ≥ y and y is not an eigenray of A. The gerbe multiplication corresponds to the external wedge product under this identification.
Proof. 1. Symmetry isomorphism of '⊗'. 2. Apply (2) to (S(1, y), S(y, x), S(1, x)) to get V S(1,y) ⊕ V S(y,x) = V S(1,x) . The monoidal structure on Λ
We still need to define a complex manifold structure on the total space L for which the bundle becomes locally trivial. For this it suffices to produce holomorphic line bundle structures on the restriction of L over an open cover of Y [2] , making sure that on overlaps the corresponding complex structures agree. (7) ϕ : GL(n, C) → R, ϕ(A) = sup
Since ϕ(A 0 ) > 0 we find a connected open neighborhood U 0 with
The zero-counting integral
is a holomorphic integer-valued function on U 0 , hence constant. Applied to ∂O we obtain 1. unless O = ∅ in which case 1. is trivial. Applied also to ∂O
Then spec(A) ∩S ⊂ O since O ′ ∩S = ∅ and with O ∩ ∂S = ∅ we conclude 2. 
Functional calculus gives us e A ∈ M n (C) depending holomorphically on A ∈ U 0 . This is the projection onto the generalized eigenspaces V O (A) in the support of e. Consider the holomorphic map
Then ψ| A0 is the identity and ψ remains invertible on fibers close to A 0 . By restricting we get an isomorphism from the trivial bundle U 0 × im e A0 to ψ(U 0 × im e A0 ).
By the previous lemma the number of eigenvalues near A 0 counted with multiplicity in O is constant. Since the multiplicity equals the dimension of the corresponding generalized eigenspace, the fiber dimensions in ψ(U 0 × im e A0 ) ⊂ im(e) coincide, hence ψ(U 0 × im e A0 ) = im(e) and so ψ| U0×imA 0 is a trivialization of im(e) = V O near A 0 .
and let O ⊂ C − be a domain with
Then in a neighborhood W ⊂ Y [2] of (A 0 , x 0 , y 0 ) we have
Proof. Since 0 / ∈ spec(A 0 
is a holomorphic line bundle. Declare (14) to be a biholomorphism. This gives a well-defined complex structure on L| {A,x≥y} , using that (12) is independent of the choice of O. Let τ (A, x, y) = (A, y, x). Declare also a biholomorphism
{A,x≥y} . On a neighborhood of (A 0 , x 0 , y 0 ) with x 0 and y 0 on the same ray, L is Λ top ({0}) = C or its dual (which are biholomorphic), so (14) , (15) 
the vertical maps are therefore biholomorphisms (all bundles are restricted to a neighborhood of (A 0 , x 0 , y 0 , z 0 )). Because '∧' is also holomorphic it follows that m is holomorphic. The remaining five cases are reduced to this one. For example, near x 0 ≥ z 0 ≥ y 0 using the biholomorphism (15) the multiplication is identified with a fiberwise isomorphism
Taking the tensor product of this map with id π * 32 L gives the map π * 12 L⊗ → π * 13 L ⊗ π * 32 L which is easily checked to be the inverse of m considered above, which is already known to be holomorphic. It follows that (16) is also holomorphic. (5), (6) is a holomorphic gerbe with DD(G can ) the canonical generator of H 3 (GL(n, C); Z).
Corollary 32 below will complete the proof of Theorem 1.
Proof. It remains only to compute the Dixmier-Douady class. For this we will compare G can with the basic gerbe [25] using Corollary 16. We first recall their definitions in our notation [25, p. 7] :
over the set of x > y with S(y, x) ∩ spec(A) = ∅. For x, y ∈ S 1 with spec(A) ∩ S[x, y] = ∅ they define E (x,y,A) = C. Finally, for x < y with S(x, y) ∩ spec(A) = ∅ they define E (x,y,A) = E * (y,x,A) . In [25, (3.7) ] the gerbe multiplication is the wedge product over x > y > z, extended to all of Y by dualization. Let i : U (n) → GL(n, C) be the inclusion. Our definitions of L and m were designed to avoid cases, but note that by Lemma 23
and the gerbe multiplication is also given by the wedge product over x ≥ y ≥ z. As discussed in the proof of Proposition 28, over other parts of Y [3] our gerbe multiplication is also given by dualization. Hence
, the claim follows.
Cohomological Theory on Stein Manifolds
In this section we collect a number of facts for the Deligne cohomology of Stein manifolds. These will be needed in the proof of Theorem 2 in the next section.
Stein manifolds.
Definition 30. A complex Lie group G is a Stein group if the underlying manifold is a Stein manifold (see [17, p. 136 
]).
GL(n, C) and any closed complex subgroup of GL(n, C) is a Stein group. Any semi-simple connected or simply-connected solvable complex Lie group is Stein. Proposition 31. Let X be a contractible Stein manifold (for example, a polycylinder ) and let G, G ′ be gerbes on X. Then any two morphisms G → G ′ are isomorphic, meaning we find a transformation between them.
Proof. Two stable morphisms differ by a line bundle on X, which in our case is a holomorphic line bundle L. But L is holomorphically trivial, by the Grauert-Oka Theorem [18] , and a trivialization defines a transformation.
4.2. Exponential Sequence. The long exact sequence induced by
sits inside a Bockstein sequence. By the Five Lemma we get
The case q ≥ p is more difficult and leads to the exponential sequence
If X is a Stein manifold and q > p > 0 then H q (Ω <p ) = 0, by Cartan's Theorem B [10, p. 51] . Putting this into the exponential sequence gives
Corollary 32. The class Dixmier-Douady class DD(G can ) of the canonical gerbe generates
there is a unique holomorphic connection on G can , up to stable isomorphisms with connection. An important point is that this connection may be constructed explicitly by C-linear projection C n → V O (A) onto the eigenspace bundles.
Multiplicative Structure
The existence of a multiplicative structure depends only on the stable isomorphism class of the gerbe and is therefore a cohomological problem.
Definition 33. Let G be complex Lie group with product µ. A multiplicative holomorphic gerbe on G consists of a holomorphic gerbe G on G, a morphism
The transformation α should fit into the usual coherence pentagon [31, p. 47] . A connection on a multiplicative gerbe consists of connections on G and M so that α is compatible with the connections.
In general, there are obstructions to finding a multiplicative structure on a given gerbe. For Stein groups, Theorem 2, which we shall prove in this section, asserts that this obstruction for holomorphic multiplicative structures reduces to a topological problem.
5.1. Simplicial spaces. A simplicial space [12] is a functor
For example, the constant simplicial space has X n = X for a fixed space X and all faces and degeneracies are the identity. For a topological group G, let BG • denote the nerve of G with n-simplices BG n = G n . There is a simplicial map EG • → BG • whose fibers are the constant simplicial spaces G, see [28] .
Definition 34. The Čech complex of a simplicial space X • with coefficients in a sheaf F is the total complexČ * (X • ; F) of the double Čech complex C pq = C q (X p , F). Given a basepoint pt ∈ X 0 , the reduced Čech complex isČ
On constant simplicial spaces one recovers usual sheaf cohomology. Similarly, for a complex of sheaves F * one defines H(X • , F * ) using the Čech hypercomplex [8, p. 28] . From [28] we recall that the simplicial cohomology H(BG • ; Z) computes the cohomology of the classifying space BG = |BG • | of a Lie group G.
5.2.
Multiplicative Extensions. For a double complex let F p denote the p-th vertical filtration C iq , i ≥ p. We have a short exact sequence of Čech cochain complexes
Identifying the rightmost term withČ * −1 (G, F), the map τ simply collapses all but the second column of the double complex. In cohomology τ induces the transgression map, see [31, Lemma 2.9] . Using Lemma 7, a gerbe with holomorphic connection may be described, up to isomorphism, by a cocycle inČ 3 (G, Z(2) D ). The data for the morphism M and transformation α in Definition 33 corresponds exactly to an extension to a cocycle of the double complexČ 4 (BG • , pt; Z(2) D ). To prove Theorem 2 it remains therefore only to show:
Proof. By the long exact sequence induced by
To do this, we consider the spectral sequence for simplicial spaces E [10, p. 51 ] and the sheaf hypercohomology spectral sequence we deduce for any Stein manifold X that the space H * (X, Ω <2 ) is H 0 (X; C) for * = 0, H 1 (X; C) for * = 1, and zero else. It follows that E pq 1 = 0 unless q = 0, 1. The first row E p0
where the maps are δ
Recall that for any topological group (π 1 (G, 1), +) is abelian and that π 1 (µ) is the sum. It follows that µ * :
is µ * (x) = (x, x). From this one computes that the differentials δ :
Hence E p1 1 is exact. We conclude E pq 2 = 0 for p + q > 0, whence the result. Remark 36. Lemma 35 holds also for semisimple complex Lie groups [3, Theorem 5.11]. This relies on facts for the Hodge filtration established by Deligne [12] . This is the horizontal composition of 2-arrows. The morphism α includes a submer- We regard a preimage w αβγδ as a filler of this tetrahedron. α gives an isomorphism (21) ψ w αβγδ : R z αβδ ⊗ R z βγδ → R z αγδ ⊗ R z αβγ .
These mediate between the two ways to horizontally compose three 2-arrows. The commutative pentagon mentioned above is then expressed as follows. Let α, β, γ, δ, ε be objects with arrows y αβ , . . . , y δε between them, let z αβγ , . . . , z γδε be fillers of all triangles, and let w βγδε , w αγδε , w αβδε , w αβγε , w αβγδ be fillers of the resulting tetrahedra. For every such data, we have a commutative diagram: 6.3. The Canonical 2-Gerbe. For a holomorphic vector bundle E over an algebraic manifold X we have the Beȋlinson-Chern classes (see [1, 6, 14] )
By [14, Proposition 8.2] these are characterized by functoriality and by the requirement that they map to the Chern classes via H 2p (X, Z(p) D ) → H 2p (X; Z). The construction of such classes is based on Deligne's theory of mixed Hodge structures [12] . Our Lemma 35 above shows that for p ≤ 2 one may also deduce the existence of these classes from the theory of Stein spaces.
Recall from Theorem 1 the canonical gerbe G can on GL(n, C). Using Corollary 38 we equip this gerbe with the multiplicative structure with multiplicative class c 2 .
Definition 43. Let E → X be a holomorphic vector bundle. Its associated 2-gerbe G(E) is defined by the following data:
(1) As submersion ρ we take the principal bundle of frames P GL (E) → X.
(2) The gerbe G(E) = δ * G can with δ : P [2] GL → GL(n, C) given by pδ(p, q) = q. (3) M and α are pulled back from the multiplicative structure on G can . For E = T * X we call G(T * X) the canonical 2-gerbe of the complex manifold.
